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Is there a denition of the notions of \state" and \observable" wide enough to apply naturally and
in a covariant manner to relativistic gravitational systems? This is a tentative answer.
I. THE PROBLEM
It is customary to dene the basic notions of mechan-
ics, such as \state" and \observable", and the basic struc-
ture of the formalism of mechanics, in the context of non
relativistic systems. Then one complicates the formal-
ism and the denitions in order to take gauge invariance
into account [1]. Then one considers the peculiar case
in which gauge invariance includes spacetime transfor-
mations; for example, the action is invariant under time
reparametrization. This procedure leads to intricate is-
sues such as what are to be considered as the \true ob-
servables" in a time reparametrization invariant theory,
and to a number of conceptual diculties, in particu-
lar in the general covariant quantum domain. Perhaps
some of the diculties are due to the fact that one tries
to articially extend concepts that were dened in the
nonrelativistic setting to a highly relativist context.
Here we suggest a dierent way of facing the prob-
lem. We start from scratch, dening the basic notions of
mechanics in a naturally relativistic manner. The result-
ing denitions of state, observable, conguration space,
phase space and evolution equations, turn out to dier
slightly, but signicatively, from the ones commonly in-
troduced for non-relativistic system. We think that tak-
ing these dierences into account radically simplies well
known conceptual diculties posed by relativistic gravi-
tational systems, especially in the quantum domain.
II. A PENDULUM
Imagine you want to study the small oscillations of
a pendulum. To this purpose, you need two measuring
devices. A clock, and a device reading the angle giving
the elongation of the pendulum. Let t be the reading
of the clock and α the reading of the device measuring
the pendulum elongation. We shall denote the variables
t and α as the partial observables of the system [2], or,
if there is no ambiguity, simply as the observables. Let
∗The expression \observable" is used with several distinct
meanings in mechanics. Here, take this just as a denition.
Later on we will discuss the relation with other denitions.
C be the two-dimensional space with coordinates t and
α. We denote C as the extended configuration space of
the pendulum, or simply, if there is no ambiguity, the
configuration space of the pendulum.
We perform a sequence of measurements. We get a
sequence of pairs (t, α). We call each such pair a correla-
tion between the two partial observables t and α. Each
pair can be represented by a dot in the extended cong-
uration space C. The reason we can do science if the fact
that experience shows we can nd mathematical relations
expressing the possible sequences of correlations.
Such relations have the following form. If we let the
pendulum undisturbed and perform a sequence of mea-
surements of the pair of observables t and α, the dots sit
on a curve in the space C. This curve can be represented
as a relation in C
f(α, t) = 0. (1)
We call this curve a motion of the system. Thus a motion
is a certain relation between observables.
We can then disturb the pendulum (push it with a
nger) and repeat the entire experiment. At each rep-
etition of the experiment, a dierent curve of pairs is
found. That is, a dierent mathematical relation of
the form (1) is found. However, experience shows that
the space of possible curves is limited: indeed, it is a
two-dimensional space. There is just a two-dimensional
space of curves allowed by nature. Denote Γ this two-
dimensional space, and let A and φ be coordinates on Γ.
The two-dimensional space Γ with coordinates A and φ is
called the space of the motions, or the Heisenberg phase
space, or, if there is no ambiguity, simply the phase space
of the pendulum. We denote a point in Γ as a motion of
the pendulum, or a Heisenberg state, or simply, if there
is no ambiguity, a statey. The equation that captures the
experimental relations in full has therefore the form
f(α, t; A, φ) = 0. (2)
†Again, the expressions \phase space" and \state" is used
with dierent meanings in dierent contexts, which will
be discussed below. For the moment, take these just as
denitions.
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That is: for each point in Γ with coordinates (A, φ), we
have a curve in C. We denote equation (2) as the evolu-
tion equation of the system.
Concretely, in the case of the (small oscillations of a
frictionless) pendulum, the evolution equation is
f(α, t; A, φ) = α−A sin(ωt + φ) = 0. (3)
Once again: the pair (A, φ) labels dierent sequences of
measurements. For each sequence, (A, φ) determines a
curve in the (t, α) plane, expressing the measured corre-
lation between t and α.
Each state (namely each pair (A, φ)) determines a mo-
tion of the pendulum (namely a specic relation between
t and α) via the evolution equation (3). Each time we dis-
turb the pendulum by interacting with it, or each time we
start a new experiment over with the same pendulum, we
have a new state. On the other hand, the state remains
the same (we disregard here quantum theory) if we just
observe the pendulum and the clock without disturbing
them.
Summarizing: each state in the phase space determines
a relation between the observables in the configuration
space. Each such relation is called a motion. The set of
these relations is captured by the evolution equation (2),
namely by the vanishing of a function
f : Γ C ! R. (4)
The evolution equation f = 0 expresses all the predic-
tions that can be made using the theory. Equivalently,
these predictions are completely captured by xing a sur-
face (the surface (4)) in the Cartesian product Γ C of
the phase space with the conguration space.
Concretely, predictions can be obtained as follows. We
rst need to perform enough measurements to deduce A
and φ, namely to nd out the state. Once the state is
determined, or guessed, the evolution equation (3) pre-
dicts the allowed correlation between the observables t
and α in any subsequent measurement. These predic-
tions are valid until the pendulum is disturbed. The aim
of mechanics is to nd such a description for all physical
systems.
The construction of this description for a given sys-
tem is usually separated in two steps. The rst step is
called kinematics. It consists in the specication of the
observables that characterize the system. Namely the
specication of the conguration space C and its physical
interpretation. Physical interpretation means the associ-
ation of certain coordinates on C with certain measuring
devices.
The second step is called dynamics. It consists in nd-
ing the phase space Γ and the function f that describe the
correlations in the system. A main fact of the world cap-
tured in the general theory of mechanics is that, once the
kinematics is known, the dynamics can be determined by
simply giving a function H on the cotangent space T C.
III. THE GENERAL STRUCTURE OF
MECHANICS
The (C, Γ, f) structure described above is completely
general. All fundamental systems can be described (at
the accuracy at which quantum eects can be disre-
garded) by making use of these fundamental concepts:
(i) The configuration space C, of the observables of the
theory.
(ii) The phase space Γ of the states of the theory.
(iii) The evolution equation of the theory f = 0, where
f : Γ C ! V .
V is a (nite or innite dimensional) vector space. The
state in the phase space Γ is xed until the system is dis-
turbed. Each state in Γ determines (via f = 0) a motion
of the system, namely a relation (or a set of relations if
dim(V ) > 1) , between the observables in C.
Once the kinematics of the system has been determined
{that is, once the conguration space C if xed{ the phase
space Γ as well as f are uniquely determined by an ap-
propriate function H on the cotangent space of C.
H : T C ! W. (5)
where W is a (nite or innite dimensional) vector
space. The pair (C, H) fully determines the mechanics
of the physical system. That is, it determines the triple
(C, Γ, f). The pair (C, H) is called a \covariant dynami-
cal system". There are two equivalent ways in which H
determines the phase space Γ and f . They are described
below.
A. From (C,H) to (C, Γ, f): the canonical way
Every cotangent space carries the natural symplectic
form ω = dθ, where θ is the Poincare one-form of the
cotangent bundle.z The equation H = 0 denes a surface
 in T C. The restriction ωj of ω to this surface is a
degenerate two-form with null directions X
ωj(X) = 0. (6)
The integral surfaces of these null directions, obtained
integrating (6), are called the orbits of ω on . The phase
space Γ is dened as the space of these orbits. Each such
orbit projects down from T C to C to give a subspace
of C, namely a set of relations on C. Namely a motion.
Equation (6) was recognized as the general form of the
equations of motion by Lagrange [3].
‡The Poincare one-form θ is dened in coordinates by θ =
pidx
i, where xi are coordinates on C and pi the corresponding
momenta. It is dened intrinsically by θ(x, px) = pi
∗px, where
px 2 T ∗x C and pi is the pullback of the projection map pi :
T ∗C ! C that denes the bundle.
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B. From (C, H) to (C,Γ, f): the Hamilton-Jacobi way
Let xi be coordinates on C. Consider the (generalized









Let S(xi, X i) be an n-parameter family of (independent,
in a suitable sense) solutions, where n is the dimension
of C. Then pose




In general, only n−k of these equations are independent,
and only 2(n−k) of the constants X i, Pi are independent.
Therefore the constants X i, Pi coordinatize a 2(n − k)
dimensional space Γ. This is the phase space, and thus
(8) denes f .
C. Relation with the non-relativistic notions of state
and observable
The denitions given above dier slightly from the ones
commonly used in the non-relativistic context. Let us
discuss these dierences.
A motion, as dened above, corresponds to a solution
of the Lagrange, or Hamilton, equations of motion of
the system. Thus, the Heisenberg phase space Γ dened
above is the space of the solutions of the equations of
motion.
The most common non-relativistic denition of state
refers to the properties of a system at a certain moment
of time. Denote this conventional notion of state as the
\instantaneous state". The space of these instantaneous
states is the usual non-relativistic phase space Γnr. For
instance, x the the value t = t0 of the time variable,
and characterize the instantaneous state in terms of the
initial data, position and momentum (α0, p0), at t = t0.
Then (α0, p0) are coordinates on Γnr.
Instead, we have dened here a state as a Heisenberg
state, namely as a solution of the equation of motion.
Once a value t0 of the time has been xed, there is a
one-to-one correspondence between initial data and solu-
tions of the equations of motion. Indeed, each solution of
the equation of motion determines initial data at t0; and
each choice of initial data at t0 determines uniquely a
solution of the equations of motion. Therefore there is a
one-to-one correspondence between instantaneous states
and Heisenberg states. The phase space of the initial
data Γnr, with coordinates (α0, p0) can be identied (af-
ter having chosen t = t0) with the Heisenberg phase space
Γ, with coordinates (A, φ). The identication map is
given by
(A, φ) 7−! (α0, p0), where (9)
α0 = A sin(ωt0 + φ), (10)
p0 = ωmA cos(ωt0 + φ). (11)
(α0, p0) can be seen as coordinates on Γ and therefore the
phase space Γ dened above is the same mathematical
space as the nonrelativistic phase space: Γ  Γnr. But
the physical interpretation of the two is slightly dierent:
a point of Γ is not seen as representing the instantaneous
state of the pendulum, but rather as representing the
(unique) full motion of the pendulum that evolves from
an instantaneous state.
The extended configuration space C dened above is
not the conventional non-relativistic conguration space
Cnr. It includes the non-relativistic conguration vari-
ables (α, for the pendulum) but also the time variable t.
That is C = Cnr R, where t 2 R.
Accordingly, the denition of observable that we have
given includes the time variable as well; while common
denitions used in non-relativistic mechanics generally do
not. Notice that this is just a matter of a conventional
denition, not a discussion on the meaning of \being ob-
servable" in physics.
In section VII, we shall discuss the rationale and the
advantages of the relativistic denitions we have given.




On T C we can put canonical coordinates (t, α, pt, p).
The function H is (with mass=1)
H(t, α, pt, pα) = pt +
p2 + ω2α2
2
 pt + H0(α, p). (12)
The Poincare one-form is θ = pdα + ptdt, and the sym-
plectic two form is ω = dp^dα + dpt ^dt. The surface 
dened by H = 0 can be coordinatized by (t, α, pα). The
restriction of ω to the surface  is
ωj = dp ^ dα + dH0(α, p) ^ dt





















A null vector satises ωj(X) = 0. Inserting (13) and

























for any Xt(τ). The space of integral curves is two di-
mensional. A curve is determined by the two integration
constants A and φ, and is given by
α(τ) = A sin(ωt(τ) + φ), (20)
p(τ) = ωA cos(ωt(τ) + φ), (21)
for any t(τ). This orbit project down to the C space to
the motion
f(α, t; A, φ) = α−A sin(ωt + φ) = 0. (22)
We have thus found the phase space Γ, which has coor-
dinates A and φ, and the motions, starting only from the
extended conguration space C and the function H on
T C.
Notice that t and α are on equal footing in the formal-
ism.
B. Relativistic particle
The conguration space C is now Minkowski space M ,
with coordinates xµ, and the dynamics is given by H =
pµp
µ−m2. We have immediately that the surface H = 0
in T M is the product of M with the mass m Lorentz
hyperboloid. The null vectors of the restriction of ω =





because ω(X) = pµdpµ = 2d(pµpµ) = 0 on pµpµ = m2.
The integral curves of X are
xµ(τ) = pµτ + xµ0 . (24)
The space of these curves is six dimensional (as pµpµ =
m2 and, obviously (pµ, xµ0 ) denes the same curve as
(pµ, xµ0 + p
µa) for any a, and represents the phase space.
The motions are thus the timelike straight lines on M .
Notice that all notions used are Lorentz invariant.
C. A cosmological model
Consider a cosmological model in which the sole de-
grees of freedom are the radius of a maximally symmet-
ric universe a and the spatially constant value of a scalar
eld φ. Then C has coordinates a and φ. The dynamics
is given by a single constraint
H(a, φ, pa, pφ) = 0 (25)
The constraint surface has dimension 3, the phase space
has dimension 2, and the motions are one dimensional
curves in the (a, φ) space. For each state, the theory
predicts the correlations between a and φ.
The usual Lagrangian formulation of this system is in
terms of an evolution parameter t, the \coordinate time".
The Lagrangian variables are a(t) and φ(t) and the action
is reparametrization invariant. This t is not an observ-
able in the extended conguration space. On the other
hand, the usual Lagrangian formulation of the pendulum
is in terms of the single Lagrangian variable α(t). That is,
the Lagrangian evolution parameter is one of the observ-
ables of the extended conguration space. One should
therefore not confuse the t in the rst case with the t in
the second case. They have very dierent physical in-
terpretation. The fact that they are generally denoted
with the same letter and with the same name is a very
unfortunate historical accident.
D. General relativity
There are dierent possible forms in which the theory
can be cast in the form of a (C, H) covariant dynamical
system. We describe here the better known (which is not
necessarily the best).
We take C as the space of the metric tensors gab(~x) over
a three-dimensional manifold with the topology of a three
sphere. We take H to be the 4 13 ADM constraints,
which dene a map from T C to the linear space of the
pairs (H(~x), Ha(~x)) of a scalar function and a covector
function on the manifold.
The space of the orbits generated by the ADM con-
straints on the ADM constraint surface H = 0 is the
space Γ of the solutions of the Einstein equations. This
space is the phase space of general relativityx. It has di-
mension 2 13. Each point in this space determines a
413 dimensional orbit on the ADM constraint surface,
which, generically, projects down to a motion of the same
dimension in C. The space C is 6 13 dimensional. A
motion, namely an explicit solution of Einstein’s equa-
tions, determines therefore 2 13 relations among the
gab(~x). This means that for a generic choice of 413 of
these quantities, the other 213 are determined.
We can for instance generically choose 4 of the 6 com-
ponents of gab as local coordinates, and the solution of
§The construction of the symplectic form of the phase space
of general relativity viewed as the space of the solutions of
the Einstein equations has been completed (probably inde-
pendently) by many authors. See [4].
4
Einstein’s equations give us uniquely the other two. Thus
a solution of the Einstein’s equation determines a set of
relations on C. Geometrically, picking 4 components of
gab generically determines a points in the spacetime man-
ifold. The other two components determine the Rieman-
nian geometry. This formulation of canonical GR is in
the g00 = 1, g0a = 0 gauge. More gauge invariant formu-
lations are possible. For a construction of a complete
set of partial observables in GR, see [5].
V. RELATION WITH NON-RELATIVISTIC
DYNAMICS
In a (conservative) non-relativistic system, H has the
form H = pt+H0, where H0 is independent from t and pt.
pt is conjugate to the variable t called \time" and H0 is
called the \Hamiltonian". If we strip away the coordinate
t from C we obtain the space Cnr, the non-relativistic con-
guration space. The full information on the system is
equally well contained in the pair (Cnr, H0) which charac-
terizes a conventional non-relativistic dynamical system.
H determines how the variables qi in Cnr are correlated
to the variable t. This is usually expressed as: \the vari-
ables qi evolve in time".
Consider a point s in Γ. This represents a motion
f(qi, t) in C. Notice that for these systems f(qi, t + T ) is
also a motion, and therefore it is represented by another
point s(T ) in Γ. As T varies, we can therefore dene
a flow on Γ. It is easy to see that H0 is well dened
on Γ (because it is constant along the orbits on ) and
that it generates this flowyy. Using this flow, one can
shift perspective, as in going from the Heisenberg to the
Shro¨dinger picture: Instead of having the observables in
Cnr depending on t, one can view the observables in Cnr
as time independent objects and the states in Γ as time
dependent objects. In this way, we recover the usual
structure of mechanics.
The systems of the examples 2, 3 and 4 above do not
admit any natural invariant formulation in this temporal
language.
∗∗In this context it may also be natural to consider the -
nite (six) dimensional conguration space of the partial ob-
servables gab. A solution of Einstein equations is a four-
dimensional surface in this space. A canonical formulation
requires therefore the generalization of the cotangent bundle
(associated to curves in the manifold) to higher bundles (as-
sociated to 4d surfaces in the manifold). Formulations of me-
chanics of this form have been studied, but we do not consider
them here.
††Γ carries the unique symplectic two-form ωΓ whose pull
back on  is ωj and ωΓ( ∂∂T ) = −dH0, the compact form of
the Hamilton equations
VI. QUANTUM MECHANICS
Quantum theory too can be formulated in a fully rela-
tivistic language in which time plays no special role. The
main tool for this formulation is again the extended con-
guration space C, and the Heisenberg state space. A
covariant formulation of quantum theory has been stud-
ied for instance in [6], to which we refer for details. Here
we give a brief account of the resulting structure of the
theory.
Consider a small regionR in C. The region can be seen,
for instance, as representing a certain correlation (a set
of values of the observables) with a certain associated
experimental accuracy. For a particle R can be a small
spacetime region. Fix a (classical) state in Γ. The motion
determined by the state can either intersect R or not.
Therefore a state assigns a yes/no value to each region R
in C. The yes/no value can be seen as the prediction of
whether or not a detector of the given set of observables
values will click. In the case of the particle: whether
or not a detector in the spacetime region R will see the
particle.
In quantum theory, the predictions of the theory are
not deterministic, but probabilistic. Accordingly, a quan-
tum state associates a probability amplitude PR to every
small region of C. How are these probabilities computed?
The quantum dynamics of a system is entirely charac-
terized by a complex two-point function on the congu-
ration space
W : C  C ! C. (26)
This function is called the propagator. In the classical
limit, the propagator is approximated by the exponential
of a solution of the Hamilton-Jacobi system considered
above.
W (xi, X i)  e ih¯S(xi,Xi). (27)







W (xi, X i) = 0. (28)
The Hilbert space of the theory can be constructed from
W as follows. Start form a space E of functions f(x) on
C (say smooth compact support). Consider the bilinear
form on E whose kernel is W (x, x0)
hf jf 0i 
∫
dx dx f(x) W (x, x0) f(x0). (29)
The Hilbert space H of the theory is obtained by equip-
ping E with this scalar product, dividing by the zero norm
subspace and completing in norm. The map
P : E ! H
f 7! jfi (30)
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is highly degenerate, and is (improperly) called the \pro-
jector".
To each regionR in C, we can associate the state jRi =
CRjfRi, where fR is the characteristic function of R and
CR = hfRjfRi−1/2 is the normalization. For a region R
suciently small (smaller than any other quantity in the
problem), the probabilities that provides all predictions
of quantum theory are dened by
PR = jhRjΨij2. (31)
This interpretation postulate reduces to the well known
interpretation of the modulus square of the wave function
as spatial probability density for non relativistic systems
[6]. After the correlation determined by R has been ver-
ied, the state of the system is jRi.
In particular, the quantity
AR,R′ = hRjR0i (32)
is the probability amplitude to detect the system in the
(small) region R of the extended conguration space, if
the system was previously detected in the (small) region













R′ dy W (x, y)√∫
R dx
∫




R′ dy W (x, y)
.
This formulation of quantum theory utilizes only the rel-
ativistic denitions of state and observable.
VII. DISCUSSION
The dierence between the relativistic denitions we
have given and the old nonrelativistic ones is the dier-
ent role played by the notion of time. In the nonrela-
tivistic context time is a primary concept and mechanics
is dened as the theory of the evolution in time. In the
denitions we have given, on the other hand, time is not
singled out as a special variable. Mechanics is dened as
the theory of the correlations between observables { the
time t may be just one among these.
Historically, the idea of a time-independent version of
the notions of state and phase space is certainly not
new. The idea that a time-independent notion of state
is needed in a relativistic context has been advocated
with strong emphasis by by Dirac [7] and by Souriau
[8]. In special relativity time transforms with other vari-
ables, and there is no covariant denition of instanta-
neous state. Consider a Lorentz invariant eld theory.
The state is the value of the eld on a simultaneity sur-
face. But simultaneity is an observer dependent quan-
tity! The notion of Heisenberg state, on the other hand,
is Lorentz invariant, because it represents a full solution
of the equations of motion.
The idea of including t into an extended congura-
tion space is also quite old. Remarkably, this idea was
not rst developed in order to account for relativity, but
simply because mechanics is far more simple if one adds
time to the conguration space [3,8]. The simplication
is remarkable. The inhomogeneous Hamilton equations
(ωΓ(XT ) = −dH0) are replaced by the homogeneous
equation ω(X) = 0, all variables are equal, the prin-
cipal Hamilton function is the same as the characteristic
Hamilton function, there is no need to invert its deriva-
tives, constrained and non constrained systems are for-
mulated in the same manner . . . . In the general structure
of mechanics the time variable cries for merging with the
conguration space variables. The (C, H) formulation of
mechanics is so general, economic and beautiful that one
wanders why bothering with the Hamiltonian.
Then Lorentz invariance cries again for the use of C
instead of Cnr: for a relativistic particle, for instance, the
variables in Cnr and t transform among each other when
the observer moves.
But it is in a general relativistic context that the shift
in perspective is forced. The notion of an initial data
spacelike surface conflicts with general covariance. A
generally covariant notion of instantaneous state, or a
generally covariant notion of observable at a given time,
make little physical sense. More precisely, none of the
various notions of time that appear in general relativity
(coordinate time, proper time, clock time) can play the
full role that t plays in non-relativistic mechanics [9]. A
consistent general denition of state and observable in a
generally covariant context should therefore not involve
time.
Physically, the reason of this dierence is simple. Con-
sider a physical system S. In non-relativistic physics,
time and (if needed) spacial position are dened with re-
spect to a system of reference bodies and clocks. These
reference bodies and clocks are always implicitly assumed
to exist and not to interact with the physical system S.
In gravitational physics, one discovers that no body or
clock exists which does not interact with the gravitational
eld: the gravitational eld aects directly the motion
and the rate of any reference body or clock. Therefore
one cannot separate reference bodies and clocks from the
dynamical variables of the system S. General relativity,
or any other general covariant theory, is always a theory
of a interacting variables which necessarily include the
observables used as references to characterize spacetime
points. In the example of the pendulum discussed above,
we can safely assume that the pendulum itself and the
clock do not interact. In a general relativistic context,
on the other hand, the two would interact, and the clean
dynamical separation of C into Cnr and R would not be
viable.
Mechanics can be seen as the theory of the evolution
of physical variables in a time variable t only in the non-
relativistic limit. In a fully general relativistic context,
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mechanics is a theory of relative evolution of variables
with respect to each other { or, more precisely, a theory
of correlations between observables.
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